Abstract. We compute the Betti numbers for all the powers of initial and final lexsegment edge ideals. For the powers of the edge ideal of an anti-d−path, we prove that they have linear quotients and we characterize the normally torsion-free ideals. We determine a class of non-squarefree ideals, arising from some particular graphs, which are normally torsion-free.
Introduction
Graph theory have been intensively studied in the last years. It provides many interesting problems, being at the intersection of different areas of mathematics, such as commutative algebra, combinatorics, topology.
Let G = (V, E(G)) be a finite simple graph on the vertex set V = {1, . . . , n}. To this combinatorial object, one may attach a squarefree monomial ideal, which is called the edge ideal, whose minimal monomial generators are x i x j with {i, j} ∈ E(G). This allows us to describe combinatorial properties of the graph using an algebraic language. The edge ideal of a graph was first considered by R. Villarreal in [11] .
An important class of graphs is given by the chordal ones. Chordal graphs have several characterizations, the most common being the following: a graph is chordal if every cycle of length at least 4 has a chord. By a chord of a cycle we mean an edge between two non-adjacent vertices of the cycle. One of the most important results is due to R. Fröberg [4] , who characterized all the edge ideals with a linear resolution in terms of the property of the complementary graph of being chordal. It naturally arises the same problem for all the powers of edge ideals which have a linear resolution. This characterization is due to J. Herzog, T. Hibi and X. Zheng [6] , who proved that the edge ideal has a linear resolution if and only if all its powers have a linear resolution. Moreover, this is equivalent with the edge ideal to have linear quotients. A more difficult problem is to find classes of graphs such that all the powers of the edge ideal have linear quotients. Some results in this sense were given by A.H. Hoefel and G. Whieldon [7] , E. Nevo and I. Peeva [9] .
A method to get useful information about the ideal is by determining the set of associated primes. It is known that for squarefree ideals, the set of associated primes coincides with the set of minimal primes. Moreover, the minimal primes of an edge ideal are precisely determined by the minimal vertex covers of the graph.
Background
Let S = K[x 1 , . . . , x n ] be the polynomial ring in n variables over a field K. We order the monomials in S lexicographically with x 1 > lex · · · > lex x n . For a monomial u ∈ S, we set max(u) = max(supp(u)) and min(u) = min(supp(u)), where supp(u) = {i : x i | u}. Moreover, we will denote by ν s (u) the exponent of the variable x s in the monomial u.
For a monomial ideal I ⊂ S, we will denote by G(I) the set of minimal monomial generators of I.
A monomial ideal I of S has linear quotients if the monomials from the minimal monomial set of generators of I can be ordered u 1 , . . . , u s such that for all 2 ≤ i ≤ s the colon ideals (u 1 , . . . , u i−1 ) : u i are generated by variables. In this case, we will denote by set(u i ) = {x j :
The Betti numbers of ideals with linear quotients are given in [5] :
Proposition 1.1.
[5] Let I ⊂ S be a graded ideal with linear quotients generated in one degree. Then
It is known, [2] that any monomial ideal generated in one degree, which has linear quotients, has a linear resolution. In [6] , the monomial ideals generated in degree 2 with a linear resolution are described. In the following, we will consider squarefree monomial ideals generated in degree 2. In general, to a squarefree monomial ideal generated in degree 2 one may associate a graph G = (V, E(G)) on the vertex set V = [n] such that I = I(G) is its edge ideal, that is the ideal generated by the squarefree monomials x i x j , with {i, j} ∈ E(G). The edge ideals with a linear resolution are described in [4] . For edge ideals I = I(G), in [8] it is proved that the sets of associated prime ideals of powers of I form an ascending chain. In [1] Brodmann proved that Ass S (S/I k ) stabilizes for large k, that is there is an integer N such that Ass S (S/I k ) = Ass S (S/I N ), for all k ≥ N. The ideal I is called normally torsion-free if Ass S (S/I) = Ass S (S/I k ), for all k ≥ 1. The normally torsion-free edge ideals are precisely those ideals associated to bipartite graphs, [10] . We recall that a graph G is bipartite if its vertex set is the disjoint union of the sets V 1 and V 2 , such that each edge of G has one vertex in V 1 and the other one in V 2 .
Although the normally torsion-free squarefree ideals were studied in a series of papers, the non-squarefree case it is still unknown. In this sense, we will determine a class of non-squarefree ideals which are normally torsion-free.
Initial and final lexsegment edge ideals
Firstly, we are interested in computing the Betti numbers of the powers of an initial squarefree lexsegment ideal generated in degree 2. We recall their definition. Definition 2.1. Let v = x i x j be a squarefree monomial in S. The initial lexsegment set defined by v is the set
w is a squarefree monomial of degree 2, w ≥ lex v}.
An ideal generated by an initial squarefree lexsegment set is called an initial lexsegment edge ideal.
Proof. Let m ∈ (u 1 , . . . , u i−1 ) : (u i ) be a monomial. Then there is a minimal monomial generator u j > lex u i such that u j | mu i . We want to prove that there exists a variable x r , with 1 ≤ r ≤ max(u i )−1, and ν r (x r u i ) ≤ t with the property that x r | m.
. Therefore we proved that the variable x l satisfies the desired conditions.
Conversely, let 1 ≤ r ≤ max(u i ) − 1, with ν r (x r u i ) ≤ t. We want to prove that
thus there is some integer 1 ≤ s ≤ t such that x r ∤ m s . We study two cases:
which ends the proof.
Corollary 2.3. Let I be an initial lexsegment edge ideal. Denote by G(I
Proof. Let u i ∈ I t be a minimal monomial generator. By Proposition 2.2, one has
If there is some integer 1 ≤ j < max(u i ) such that ν j (u i ) = t, since deg(u i ) = 2t and the exponents of all variables from the support of u i are at most t, we obtain
Otherwise, we have ν s (u i ) < t, for all s ∈ supp(u i ), s < max(u i ), and we obtain
Corollary 2.4. Let I be an initial lexsegment edge ideal. For all t ≥ 1, denote by
Remark 2.5. Let G be the star graph on the vertex set [n] with the edge ideal I = (x 1 x 2 , x 1 x 3 , . . . , x 1 x n ). It is clear that I is the initial lexsegment edge ideal determined by the monomial v = x 1 x n . For t ≥ 1, we note that
It is easy to see that
Then
Next, we are interested in computing the Betti numbers of the powers of a final squarefree lexsegment ideal generated in degree 2. Definition 2.6. Let u = x i x j be a squarefree monomial in S. The final lexsegment set defined by u is the set L f (u) = {w : w is a squarefree monomial of degree 2, u ≥ lex w}.
An ideal generated by a final squarefree lexsegment set is called a final lexsegment edge ideal.
) be a final lexsegment edge ideal and G(I t ) = {u 1 , . . . , u m }, with u 1 < revlex · · · < revlex u m be the set of minimal monomial generators of I t , for t ≥ 1. Then
. Therefore x l satisfies the desired conditions.
Conversely, let r ≥ min(u i ) + 1, with ν r (x r u i ) ≤ t. We want to prove that x r ∈ (u 1 , . . . , u i−1 ) : (u i ). We take the monomial u j = x r u i /x min(u i ) . It is clear that u j < revlex u i and u j | x r u i . It remains to argue that u j ∈ G(I t ).
Assume that a = r. By hypothesis, ν r (x r u i ) ≤ t, thus there is some integer 1 ≤ s ≤ t such that x r ∤ m s . We denote m s = x p x q and we note that p, q = r. Then
Corollary 2.8. Let I be a final lexsegment edge ideal and
Proof. Let u i ∈ I t be a minimal monomial generator. Then
by Proposition 2.7. If there is some integer j > min(u i ) such that ν j (u i ) = t, since deg(u i ) = 2t and the exponents of all variables from the support of u i are at most t, we obtain set(u i ) = {x min(u i )+1 , . . . , x n } \ {x j },
Otherwise, we have ν s (u i ) < t, for all s ∈ supp(u i ), s > min(u i ), and we obtain set(u i ) = {x min(u i )+1 , . . . , x n },
Corollary 2.9. Let I be a final lexsegment edge ideal and G(I t ) = {u 1 , . . . , u m }, with u 1 < revlex · · · < revlex u m . Then
The edge ideal of anti-d−path
In this section, we will study properties of the edge ideal of the complement of a d−path with the set of vertices [n] .
We will follow the definition of a d−path given in [3] . It is clear by definition that a 1−path is a simple path, while a 2−path is a graph of the form:
The d−paths are particular cases of d−trees. Moreover, in [3] it is proved that the edge ideal of the complement of a d−tree is Cohen-Macaulay. Let G be a d−path on the vertex set V (G) = {1, . . . , n}. The complementary graph of G, denoted byḠ, is called anti-d−path. The edge ideal of the complementary graph of G is
Indeed, since the graph G is the union of the complete graphs on the vertex sets {1, . . . , d + 1}, {2, . . . , d + 2}, . . . , {n − d, . . . , n}, we obviously have {i, j} ∈ E(G), for all i, j ∈ V (G), with i < j ≤ i + d.
In the following, we are interested in computing the Betti numbers for the powers of the ideal I. Firstly, we will describe the minimal monomial generating set for all the powers of the edge ideal I(Ḡ). The next two propositions represent the generalization of some results given in [7] . 
Proof. For the inclusion "⊆", we consider m ∈ G(I k ). Since deg(m) = 2k, we may
Assume by contradiction that there is an integer 1 ≤ r ≤ k such that i r + d ≥ j r . Since i r ≤ · · · ≤ i k ≤ j 1 ≤ · · · ≤ j r and j r ≤ i r + d, we obtain that {i r , . . . , i k , j 1 , . . . , j r } ⊆ {i r , i r + 1, . . . , i r + d}.
Let w = x ir · · · x i k x j 1 · · · x jr . Then w | m and supp(w) ⊆ {i r , i r + 1, . . . , i r + d}. Hence w / ∈ G(I k ) and deg(w) = k + 1. By hypothesis, m is a product of k minimal monomial generators ofḠ, thus every divisor of degree k + 1 of m must contain at least one edge. But the construction of the monomial w contradicts this statement, thus i r + d < j r , for all 1 ≤ r ≤ k.
The other inclusion is clear.
Proposition 3.3. For all integers k ≥ 1, the ideal I(Ḡ) k has linear quotients with respect to the decreasing lexicographical order of its minimal monomial generators.
Proof. Let m ′ > lex m be two minimal monomial generators of
We want to prove that the monomial m ′ / gcd(m ′ , m) is divisible by some variable
We will analyze two cases: Case 1: If there is some q ≥ 1 such that i l = s l , for all l < q and i q > s q , then we consider the monomial
It is clear that m ′′ > lex m, and m ′′ ∈ G(I k ) since s q + d < i q + d < j q . Case 2: Assume that i r = s r , for all 1 ≤ r ≤ k and there is some q ≥ 1 such that j l = t l , for all l < q and j q > t q . We construct the monomial
It is clear that m ′′ > lex m, and m
We will prove that there is an integer 1 ≤ t ≤ i k − 1, there is a monomial m 1 ∈ G(I t ), m 1 > lex u such that m 1 / gcd(u, m 1 ) = x t and x t | m/ gcd(u, m) or there exist 1 ≤ r ≤ k, i r + d < s < j r and m 2 ∈ G(I t ), m 2 > lex u such that m 2 / gcd(u, m 2 ) = x s and x s | m/ gcd(u, m).
Since m > lex u, we will analyze the following two cases: Case 1. Assume that there is some q ≥ 1 such that i l = a l , for all l < q and a q < i q . Consider the monomial m 1 = x aq u/x iq . One has m 1 > lex u and m 1 / gcd(u, m 1 ) = x aq . Since a q + d < i q + d < j q , we have m 1 ∈ G(I k ). Moreover, one has x aq | m/ gcd(u, m) and a q < i q ≤ i k . Case 2. If i r = a r , for all 1 ≤ r ≤ k and there is some q ≥ 1 such that b l = j l , for all l < q and b q < j q , then we take the monomial m 2 = x bq u/x jq . It is clear that m 2 > lex u, m 2 / gcd(u, m 2 ) = x bq and m 2 ∈ G(I k ), since
For the inclusion "⊇", firstly, let 1 ≤ t ≤ i k − 1 and the monomial m = x t u/x i k . Then m > lex u and m | x t u. Moreover, we have
Secondly, let 1 ≤ r ≤ k, i r + d < s < j r and consider the monomial m = x s u/x j k . One has that m > lex u and m | x s u. The monomial m ∈ G(I k ), since for all 1 ≤ t = r ≤ k we have i t + d < j t and i r + d < s.
Using Proposition 1.1, one may compute the Betti numbers of the edge ideal of an anti-d−path.
Next, we describe the minimal vertex covers of an anti-d−path. Proof. Since the minimal vertex covers ofḠ corresponds to the maximal independent sets ofḠ, it is enough to show that all the maximal independent sets ofḠ are {t, t + 1, . . . , t + d}, with 1 ≤ t ≤ n − d.
Let 1 ≤ t ≤ n − d and A = {t, t + 1, . . . , t + d}. Then A is a maximal independent set since E(Ḡ) = {{i, j} : j − i > d}.
Let B be a maximal independent set ofḠ. Then for all i, j ∈ B, we have {i, j} / ∈ E(Ḡ), that is {i, j} ∈ E(G). But the graph G is the union of the complete graphs on the vertex sets {1, . . . , d + 1}, {2, . . . , d + 2}, . . . , {n − d, . . . , n}. Therefore, B ⊂ {t, . . . , d + t}, for some 1 ≤ t ≤ n − d. Since B is a maximal independent set, we must have B = {t, . . . , d + t}.
Using this, we may recover a result from [3] . Proof. By the minimal primary decomposition, it results that the edge ideal of an anti-d−path is of height n−d−1. Using [3, Theorem 3.3] , it follows the assertion.
In the following, we characterize the edge ideals of anti-d−paths which are normally torsion-free. 
2 is a normally torsion-free ideal.
Proof. Let k > 1 be an integer and assume that d + 2 > n − d − 1. In this case, we prove that the graphḠ is bipartite, which is equivalent, by [10] , with Ass S (S/I k ) = Ass S (S/I).
Therefore any edge ofḠ has a vertex in V 1 and the other in V 2 . Hencē G is bipartite. In particular, it follows that I is normally torsion-free.
Next, we assume that d + 2 ≤ n − d − 1 and we prove that
For the inclusion "⊇", one has Ass S (S/I k ) ⊇ Ass S (S/I), by [8] . It remains to prove that m = (x 1 , . . . , x n ) ∈ Ass S (S/I k ), that is there is a monomial m ∈ S/I k such that m = I k : m. We analyze two cases:
k ) and we get the desired inclusion. Conversely, we have to prove that Ass S (S/I k ) ⊆ Ass S (S/I) ∪ {(x 1 , . . . , x n )}. Let p ∈ Ass S (S/I k ), that is p = I k : m, for some monomial m / ∈ I k . We assume that p m = (x 1 , . . . , x n ), thus there exists x i / ∈ p and i is minimal with this property. We note that we must have
. . , m k ∈ G(I) and w ∈ S. Moreover, we have that x n−d | m t , for some 1 ≤ t ≤ k. Since every minimal monomial generator u ∈ G(I) has the property that min(u) < n − d, it results that m t = x j x n−d , for some integer j such that
..,i+d} , hence p ∈ Ass S (S/I). Let x j ∈ P [n]\{i,i+1,...,i+d} . By the minimality of x i we obtain x j ∈ p, if j < i. Otherwise, if j > i + d, we get x i x j ∈ G(I) and (
It remains to prove that we cannot have p P [n]\{i,i+1,...,i+d} . In order to prove this, we need some more considerations.
One may note that x i−1 ∈ p, by the minimality of i.
∈ I k , we may assume, possibly after a renumbering,
Assume that we are in the second case, that is u k = x l x i−1 , with
arguing as before, we obtain again a contradiction. Therefore we must have
In both cases, we get a contradiction, thus supp(w We claim that for all j ∈ {i, . . . , i + d}, we get x j m / ∈ I k . This statement implies that p = P [n]\{i,i+1,...,i+d} .
Assume that x j m ∈ I k , for some j ∈ {i, . . . , i + d}. Then Hence x j m / ∈ I k , for all j ∈ {i, . . . , i + d}, and we get p = P [n]\{i,i+1,...,i+d} , as desired.
